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Abstract 



The Cauchy problem is considered for the scalar wave equation in the 
Schwarzschild geometry. We derive an integral spectral representation for 
the solution and prove pointwise decay in time. 

1 Introduction 

Recently pointwise decay was proven for solutions of the scalar wave equation in 
the Kerr geometry Ej . The main difficulties in this proof are due to the fact 
that the metric is only axisymmetric. In particular, the classical energy density 
may be negative inside the ergosphere, a region outside the event horizon in 
which the Killing vector corresponding to time translations becomes spacelike. 
This makes it necessary to apply special methods (spectral theory in Pontrjagin 
spaces, energy splitting estimates, causality arguments) which are technically 
demanding and not easily accessible. Therefore, it seems worthwile working 
out the special case of spherical symmetry (Schwarzschild geometry) separately. 
This is precisely the purpose of the present paper, where we derive an integral 
representation for the solution of the Cauchy problem and prove pointwise decay 
for the scalar wave equation in the Schwarzschild geometry. In this case, the 
classical energy density is positive everywhere outside the event horizon. This 
gives rise to a positive definite scalar product, making it possible to apply Hilbert 
space methods. 

Recall that in Schwarzschild coordinates {t, r, "i?, ip), the Schwarzschild metric 
takes the form 

ds^ = gij dx^dx-' 



with r>0, 0<z9<7r, 0<(/3< 27r. We often use for the angular variables the 
short notation x £ S"^ . Obviously, the metric has two singularities at r = and 
r = 2M. The latter is called the event horizon and can be resolved by a simple 
coordinate transformation. In the following we consider only the region r > 
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2M outside the event horizon. The scalar wave equation in the Schwarzschild 
geometry is given by 

- 5'^^v.v,0 = A (^,- A) ^ = (1.2) 

where g denotes the determinant of the metric gij. We now state our main 
result. 

Theorem 1.1. Consider the Cauchy problem of the scalar wave equation in the 
Schwarzschild geometry 

□0 = 0, (0,z9t0)(O,r,a;) - $o(r,x) 

for smooth initial data $0 G C'o°((2M, 00) x 5^)^ which is compactly sup- 
ported outside the event horizon. Then there exists a unique global solution 
= {(j){t),idt(t){t)) £ C°°{R X (2Af,oo) x S'^)^ which is compactly supported 
for all times t. Moreover, for fixed {r,x) this solution decays as t 00. 

There has been considerable work on the wave equation in the Schwarzschild 
geometry. In 1957, Regge and Wheeler investigated the linear stability of 
this geometry. Kay and Wald proved boundedness for solutions of the Klein- 
Gordon equation in this space-time outside and on the event horizon. By heuris- 
tic arguments, Price got evidence for polynomial decay of solutions of the 
scalar wave equation. More recently, Dafermos and Rodnianski 6 gave a math- 
ematical proof for this decay for spherical symmetric initial data. For general 
initial data they derived decay rates [7j, which are however not sharp. Fur- 
thermore, Morawetz and Strichartz-type estimates for a massless scalar field 
without charge in a Reissner Nordstr0m background with naked singularity are 
developed in |H]. And in [HI a Morawetz-type inequality was proven for the 
semi-linear wave equation in Schwarzschild. 

The paper is organized as follows: First, we introduce the Regge- Wheeler 
variable and rewrite the wave equation as a first-order Hamiltonian system. The 
resulting Hamiltonian is a symmetric operator with respect to the scalar prod- 
uct arising from the conserved energy. Exploiting the spherical symmetry of the 
problem, we may consider the problem for fixed angular modes / and m. We 
then show that the corresponding Hamiltonian is essentially self-adjoint. More 
precisely, our goal is to apply Stone's formula, which relates the propagator to 
an integral over the resolvent. Thus in Section 4 we give an explicit construction 
for the resolvent. This construction is based on special solutions of the radial 
equation, which decay exponentially at ±00. In Section 5 we prove the existence 
of these solutions via the formalism of the Jost equation. Moreover, we obtain 
appropriate regularity results for these solutions, which lead to an integral rep- 
resentation of the solution operators of the Cauchy problem for fixed I and m. 
According to the theory of symmetric hyperbolic systems, the Cauchy problem 
has a unique smooth solution. Thus, summing over the angular modes yields 
the desired representation of this solution. Combining this representation with 
a Sobolev imbedding argument, we obtain pointwise decay in time. 

2 Preliminaries 

In this section we reformulate the wave equation as a first order Hamiltonian 
system. This will make it possible to analyze the dynamics of the waves with 
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Hilbert space methods. 

According to Hl.l() and (|1.2() the scalar wave equation in the Schwarzschild 
geometry with respect to Schwarzschild coordinates has the explicit form 



dr 







(2.1) 



Here A52 denotes the standard Laplacian on the two sphere, which in the co- 
ordinates tp) is given by 
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^52 



sin^ d 9(^2 i9(cos z?) 



sm if 



d{cos'd) 



(2.2) 



In order to bring the equation H2.1|l into a more convenient form, we first intro- 
duce the Regge- Wheeler coordinate u by 



u{r) := r + 2M log 



f— -1 
\2M 



(2.3) 



The variable u takes values in the whole interval (— cx),oo) as r ranges over 
(2M, 00). It satisfies the relations 



du 



dr 1 



1 



2M 



d_ 

du 



= l- 



2M\ d 
dr 



(2.4) 



In what follows the variable r is always implicitly given by u. Using the Regge- 
Wheeler coordinate, the wave equation (|2.1() transforms to 



92 1 92 ^ / 2A/\ /2M As2 
c)<2 r dv? \ r ) \ r^ r'^ 



= . 



(2.5) 



To simplify this equation we multiply by r and substitute ip — rip This leads us 
to the Cauchy problem 



92 92 



1 - 



2M 



f2M A52 

\ ^ 3 ^2 



ip{t, u, a;) = 



(2.6) 



(i/',i9ti/')(0,M,x) = ■^q{u,x) 

where the initial data ^0 G C^(M x 5*2)2 sn:iooth and compactly supported. 

The equation in l|2.6|l can be reformulated as the Euler-Lagrange equation 
corresponding to the action 



S = 



dt 



2tt 

du I d^cosd) j £(1/), VV') , 



(2.7) 



where the Lagrangian is given by 



2C = \dtM-\du^\-[l ^IV^ 



2M\ 2M, 



2M\ 1 



1 



r2 V sin -d 



(2.8) 
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As one sees immediately, the Lagrangian is invariant under time translations, 
and thus Noether's theorem gives rise to a conserved quantity, the energy E, 



du / d(cosi9) / -^E, 

^oo J-1 Jo ^ 



(2.9) 



where £ is the energy density 



1 - V") {tfIV'P + ^ (-^l^^^l' + ^ 1^-" ^\') } • (2.10) 

It is also easy to check directly that the above energy is conserved in time for 
all smooth solutions of the wave equation that are compactly supported for 
all times. Since we consider the wave equation outside the event horizon, i.e. 
r > 2M , it is clear that the energy density is positive everywhere. 

Next we rewrite the Cauchy problem H2.6|l in first-order Hamiltonian form. 
Letting 

"^-(1,)^ (2-11) 



the Cauchy problem takes the form 

idt^ = H^, *|^^g = *o (2.12 
where H is the Hamiltonian 



Here A is the differential operator 



1 
A 



2M\ /2M 1 



(2.13) 



r 



J \ r 



We use the energy E in order to introduce a scalar product such that the 
Hamiltonian H is symmetric with respect to it. More precisely, we endow the 
space C(j"(]R x S*^)^ with the energy scalar product (., .) by polarizing E, thus 

(^',$):=y" du j d{cosd) ^\Mdt4> + d~^du4>+[l-'^^ 



1 



sin^i? 



d,„ijdu>4' + sin -d dcos^ V'C^cosii 4> 



(2.15) 



where again ^ = {ip,idt'4')'^ cind ^ = (0; ic^t'/')"^- Energy conservation implies 
that for a solution "if of the Cauchy problem (|2.12(l which is compactly supported 
for all times, 
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Since the initial data '^q g C|f'(R x S*^)^ can be chosen arbitrarily, polarization 
yields 

, for all e Co°°(K X . (2.16) 

Hence the operator H is symmetric on C^(R x 5^)^ with respect to (., .). 

We will now use the spherical symmetry to simplify the problem. More 
precisely, we make use of the fact that the angular dependence of the wave 
equation in the Schwarzschild geometry involves only the Laplacian on the two 
sphere. It is well-known that the spherical harmonics {ilm(^?, 'y3)};gN„.|,„|<; are 
smooth eigenfunctions of A52 with the eigenvalues + 1). Moreover, they 
form an orthonormal basis of the space L^{S^). Thus we can decompose an 
arbitrary = (V'l, V'2)"^ S C^(M x 5^)^ in the following way, 

00 

*(u, ^,^) = Y.J2 *""(u)11™(i?, ^) , (2.17) 

1=0 \m\<l 

where for each component the sum converges for fixed u in L'^(S'^). Since the 
^im = are uniquely determined by ^''"(m) = {Yhyi,ipi{u)) l^s^) it 

is clear that ^^"^{u) S C^(M)^ for all Z, m. Using this decomposition, we rewrite 
the norm of ^' corresponding to the energy scalar product as 



— / 2M\ f2M 1 , \ , 

[^-—) -;:2^s^j^i 



I—n -^-oo L 
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1=0 \m\<l 



2M\ /2M 1(1 + 1) 



l^Priur , (2.18) 



where in the first equation we have integrated by parts with respect to (i?, 95). 
The second equation follows from the properties of the Yim ■ As one can immedi- 
ately see, the integrand for every summand in l|2.18|l is positive. Hence again by 
polarizing we obtain for any angular mode I an scalar product (.,.); on C^(M)^ 
given by 



{V202+V'i0'l+VzVl0l}rfw, (2.19) 

with the potential Vi (u) defined as 



, , / 2M\ f2M + 



(2.20) 



This definition leads to an isometry 



;=o \m\<l 
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^ ^ . (2.21) 

Using H2.17|l . the Hamiltonian H also decomposes in the foUowing way, 

oo 

1=0 \m\<l 

Here the Hi act on C^(R)^ and are given by 

Thus for fixed angular modes I and m the Cauchy problem H2.12|l simplifies to 
i^t^-'" = H,*'" , ^-'"1^^^ = , (2.23) 

where the initial data is in C(j"(R)^. Moreover, the Hi are symmetric on C^(R)^ 
with respect to (.,.)/, because for any 5",$ g C^(R)^ the functions 'i>{u)Yim 
and $(u)r/„ are in C^(R x S^)^. Thus 

{Hi^,^)l = {H{^>Yirn),mm) = (W;™ , ($ F;™ )) = . 

In particular, for solutions of (|2.23() with compact support in u for all times, the 
norm with respect to (., is constant. Therefore we again refer to (., .)/ as the 
energy scalar product. 

Our strategy is to solve for a given inital data G C^{M. x S"^)^ the Cauchy 
problem H2.23|l for fixed angular modes / and m, and to sum up the solutions 
afterwards. Therefore, in what follows we will fix the angular modes /, m and 
consider the problem (|2.23() . In order to avoid too many indices, we usually 
omit the subscript I in the Hamiltonian and energy scalar product. 



3 Spectral Properties of the Hamiltonian 

In the previous section we introduced the energy scalar product ( , ) on the space 
C^(R)^. Since we cannot expect C§^{R)^ to be complete with respect to this 
inner product (and indeed it is not, because the energy scalar product in the 
second component is just the usual L^-scalar product), we define the Hilbert 
space Hy^Q{M.) as the completion of C^(R) within the Hilbert space 

Hlr^{R) = |u withw' e L^iR) and V^^/\ G L^{R)^ 

endowed with the scalar product 

{u,v)i := {u',v')l2 + {Vi u,v)l2 . 

Note that this coincides with the energy scalar product on the first component. 
Therefore, we choose Jif = i?y^g(R) © L^(R) endowed with the energy scalar 
product as the underlying Hilbert space for our Hamiltonian H. 

In the previous section we have seen that the Hamiltonian H is symmetric on 
C|^(R)^. Before we can use functional analytic methods, we need to construct 
a self-adjoint extension of H. In fact, we are able to prove the following lemma: 
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Lemma 3.1. The operator H with domain 2l{H) — C^iM.)"^ is essentially 
self-adjoint in the Hilbert space J^. 

In order to prove this lemma, we use the following version of Stone's theo- 
rem about strongly continuous one-parameter unitary groups. A proof of this 
theorem can be found in |E3 Section VIII.4]. 

Theorem 3.2. Let U{t) he a strongly continuous one-parameter unitary group 
on a Hilbert space J^f . Then there is a self-adjoint operator A on such that 
U(t) = e'*^. 

Furthermore, let D he a dense domain which is invariant under U{t) and 
on which U{t) is strongly differentiable. Then i^^ times the strong derivative of 
U{t) is essentially self-adjoint on D, and its closure is A. 

Now we apply this theorem: 

Proof of Lemma \3.1\ According to the theory of symmetric hyperbolic systems 
(cf. fSI Section 5.3]), the Cauchy problem 

{dl-dl + Vi{u))ij{t,u)^Q I 

V'lt^o = / , idttp\t=o ^ g J 

with smooth, compactly supported initial data f,g € C^(M) has a unique 
solution ip{t,u) € C°°(]R x R) which is also compactly supported in u for all 
times. Using this solution, we define for arbitrary t e M the operators 



oo / 



C/(t) : Co°°(R)" ^ C° 

9 J \^^Mt,.) 

which leave the dense subspace Cl^{M.)'^ C invariant for all times t. 
Due to the energy conservation, the U{t) are unitary with respect to the energy 
scalar product and hence extend to unitary operators on the entire Hilbert space 
J^. Furthermore, since the solution is uniquely determined by the initial data, 
the U{t) have the following properties, 

t/(0) = /rf, U{t + s) ^U{t)U{s) foralH,seR, 

and thus they form a one-parameter unitary group. Due to the fact that smooth 
initial data yields smooth solutions in t and u, this group is strongly continuous 
on and strongly differentiable on the domain C|^(M)^. Calculating i^^ times 
the strong derivative one gets 

'-'?^iK"'''KO-(0)-"i.(..A)/)-Ki 

for all f,g E C^(R), and the lemma follows from Theorem 13. 21 □ 



For the further investigations of the Hamiltonian H, we consider its self- 
adjoint closure which, for the sake of simplicity, we again denote by H. For our 
purposes, it is not important to know the exact domain of definition &{H) of 
the self-adjoint extension. 
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4 Construction of the Resolvent 



Stone's formula for the spectral projections of a self-adjoint operator A (of. [TU] 
Theorem VII. 13), 

1 1 f'' _ 

2 [P[a.b] + P{a,b)] = s-lini — j [{A-LJ- le)-^ -{A-io + ie)-^] dcj , (4.1) 

relates the spectral projections to the resolvent (here s-lim denotes the strong 
limit of operators). In view of this relation, it is of interest to derive an explicit 
representation of the resolvent. 

In the preceding section we have seen that there is a domain &{H) such 
that our Hamiltonian H is self-adjoint in the Hilbert space ( ,)). From 
this it immediately follows that the spectrum (t{H) C R is on the real line and 
therefore the resolvent {H — cj)~^ : ,3^ -j^ exists for every w e C \ R. 

Let us now fix e C \ M. We often denote the w-dependence by a subscript 
.We begin by reducing the eigenvalue equation = w^' by substituting the 
equation for the first component in the second equation. We thus obtain the 
Schrodinger-type equation 

[~dl + V^{u))ci>(u) = Q (4.2) 

with the potential 

V^[u) = -u? + Vi{u) ^-u?+[\ ^ + ^-T^ ■ (4.3) 



In what follows we refer to this equation simply as the Schrodinger equation. 
It can be regarded as the radial equation associated to the wave equation in H2.6|l . 
Our goal is to construct the resolvent {H — oj)^^ out of special solutions of this 
equation. We introduce fundamental solutions 4>i^ and of the Schrodinger 
equation H4.2|l which satisfy asymptotic boundary conditions at m = ±oo (the 
existence of these solutions will be proved in Section 5). More precisely, in the 
case Im (w) > we impose that 

<j>U^) = l, lim (e'^^cj>Uu))' = (4.4) 

0^(m) = 1, lim fe-'""0^(u))' = O, (4.5) 

u — >+oc u — >+oc \ / 

whereas in the case Im (oj) < 0, 



lim e 



'4>Uu)^l, lim fe-'">„(w)y = (4.6) 

u—^ — oo \ / 

'^^(m) = 1, lim fe*'^"0^(M))' = O. (4.7) 

u — >-{-oo \ / 

Since the resolvent exists, the map {H — uj) : S!{H) M' is bijective and 
in particular the kernel is trivial. Hence the solutions (/)^ , (\)^ are linearly in- 
dependent (otherwise they would give rise to a vector in the kernel due to the 
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exponential decay) . Thus (j)ui and are indeed a system of fundamental solu- 
tions with non- vanishing Wronskian 

w{(j>u,,(i>u,) ■■= (j)^{u)(j)'^{u) - 0^(u)0„(u) . (4.8) 

Note that the Wronskian is independent of the variable u, as is easily verified 
by differentiating with respect to u and substituting the Schrodinger equation. 

In the next lemma, we use this fundamental system to derive the Green's 
function corresponding to (|4.2|l . 

Lemma 4.1. The function 

w{(l)^,(t>^) V 4>uj[v)(t>^[u) , ifu>v 
satisfies the distributional equations 



Qy2 +K;(m) 1 S^{u,v) = 5{u-v) = ( + V^{v) ] S^{u,v) . 



Proof. By definition of the distributional derivative we have for every test 
function ry G C;f (R), 

v{u)[-dl + V^{u)]s^{u,v)du^ / [{-dl + V^{u))r]{u)] s{u,v) du . 



It is obvious from its definition that the function s(., v) is smooth except at the 
point u ~ V, where its first derivative has a discontinuity. Thus, after splitting 
up the integral, we can integrate by parts twice to obtain 

[{~dl + VUu))viu)] s{u,v) du = 

r]{u){—dl + V^{u))s{u,v) du + lim [r]{u)dus{u,v)] + 

ri{u){—dl + V^{u))s{u,v) du — lim [r]{u)dus{u,v)] . 

Since for u ^ v, s is a solution of (|4.2|l . the obtained integrals vanish. Computing 
the limits with the definition H4.9|) . we get 

[(~^u + ^(^))'7('-*)] s{u,v) du — lim — lim ) ri{u)dus{u,v) = 

where in the last step we used the definition of the Wronskian 1)4.8(1 . This yields 
the first equation. The second equation is proven exactly in the same way. □ 

With this function s we are now able to construct the resolvent. More 
precisely, 
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Proposition 4.2. For every G C \ M, the resolvent [H — uj) ^ : M' 
can he represented as an integral operator with the integral kernel 



kuj{u, v) — 6{u — v) 





1 



s^{u, v) 



u 1 



(4.10) 



Proof. We introduce the integral operator with the integral kernel k^{u,v) 
on the domain 

2){S^) {(H - c^)* I ^ e Co°"(M)2} . 

Let us verify that &{Suj) is a dense subset of J^. Let (p e be an arbitrary 
vector. Because of the existence of the resolvent, the operator H — u) : &{H) 

is onto, and thus there is a vector tp G &{H) with {H — u})tp = cj). Then due 
to the definition of the closure of H, there is a sequence {ipn}neN ^ C^(R)^ 
with ipn tp and H^pn H-tjj as n — > cxi. This shows that {{H — uj)ipn}neti ^ 
^{Sui) converges to {H — uj)tp — (p. We conclude that &{S^) is dense. We 
now calculate the operator product S'^j {H — uj) on C^(R)^. For an arbitrary 
* = (V'i,V'2)^ e Co°°(R)2 we have 







k^{u, v){H — uj)%p(v) dv 



-UJIp'l + ^^2 



{u) 



+Ioo'"^"'"^Um.'+k.(^)) 

Hence, according to Lemma [4. II 

S^{H-uj)=Id onCo°°(H 



This yields that S^j — [H — lo) ^ on the dense set &{S^ 
bounded operator, the claim follows. 



^1 

^2 



(u) dv . 



Since {H — lo) 



IS a 
□ 



As mentioned at the beginning of this section, we can now apply Stone's 
formula for the spectral projections of H and get for every e ^ 



lim 



(iJ - (cj + ie))"^ -{H -{lo- ie))~^ 



'I' dw 



and this yields together with Proposition 



lim — / ( / {k^+ie{.,v) - fc^_i<:(., w)) ^{v)dv ) dio , 



(4.11) 



where the limit is with respect to the norm in . It is therefore of special 
interest how the kernels fcc^+ie(u,w) and k^^i^{u,v) behave as e \ 0. Since 
these kernels are given explicitly in terms of the fundamental solutions 4>u}±it 
and <paj±ie, we will discuss their behavior in the next section. 
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5 The Jost Solutions of the Radial Equation 



In this section we want to discuss the existence and the behavior of the solutions 
4>uj , <t>Lu of the Schrodinger equation (|4.2() , which in Section 4 we used for the 
construction of the resolvent. We will prove the following theorem. 

Theorem 5.1. 

(i) For every uj G D = {cjGC| Imw < there exists a unique solu- 

tion (f)i{uj,u) of the Schrodinger equation i4.S\ ) satisfying the boundary 
conditions i4.6}) such that for every fixed m G M the function 0i(w,it) is 
holomorphic in lo £ D and continuous in D. 

(ii) For every angular momentum number I, the solutions (j)^^ of the Schrodinger 
equation i4.S\ ) with boundary conditions j^.7| ) are well-defined and uniquely 
determined on the set 

{uj eC \ Imuj < 0, w 7^ 0} . 

For each fixed u G M, the function (f>uj{u) is holomorphic in uj Cz E and 
continuous in E. 

Furthermore, in the case I = 0, 4>i^{u) may be continuously extended to 
oj = 0. 

Once having proven this theorem, we simply set 

rh (11) — i ^^^^'^^ ,iflmcj>0 

as well as 

(i>u>{u) ■= (j>jj{u) iflmw>0, (5.2) 

to obtain the solutions of Section 4. For Imo; < this is clear by definition. 
But in the case of Im w > the above defined ipu; (u) , 4>uj {u) are indeed the 
unique solutions of the Schrodinger equation H4.2|l with the desired boundary 
conditions (|4.4(l and H4.5|l . respectively. This follows immediately by complex 
conjugation of the Schrodinger equation due to the fact that our potential Vi is 
real. 

For the proof of Theorem 15.11 we will formally manipulate the Schrodinger 
equation with boundary conditions H4.6ll4.7|l in order to get an appropriate inte- 
gral equation (which in different contexts is called the Jost or Lipman-Schwinger 
equation). Then we will perform a perturbation expansion and get estimates 
for all the terms of the expansion. A reference for this method can be found e.g. 
in ^1 Section XI. 8]. Since this reference contains only an outline of the proof, 
it seems worth working out the details. 

To introduce the method, we begin with the solutions (j)i{uj,u). First we 
write the Schrodinger equation 14. 2() in the form 

("i? " "^"^"^ " -W{u)Mu) , (5.3) 
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where is a potential in L^(K) (later on, W will be replaced by V;). Next we 
define for a; G C the function Gi^{u) by 

{0 , if u < 
sin(cju) , if u > and uj (5.4) 
—u , if 7i > and uj ~ 

A simple computation shows that Guj{u) defines a Green's function for the oper- 
ator on the left hand side of the equation (|5.3|l in the sense that the distributional 
equation 

holds. In order to build in the boundary condition (|4.6|) . we make in equation 
(|5.3() the substitution ^^^(u) — e*'^" + (j)uj{u) to obtain 

- ^^(y) ^ -W{u)(j)Uu) ■ 

Solving this equation formally by convoluting the right hand side with G^^, we 
get the formal solution 



Mu) = {i~W<j)^) ^ G^){u) = - / GUu~v)Wiv)(l)^iv)dv . 

J — OO 

Hence (j)u){u) satisfies the equation 

<Pu{u) = e'"" - / G^{u- v)W{v)<p^{v) dv , (5.5) 



which is referred to as the Jost equation with boundary conditions at —oo. Its 
significance lies in the fact that we can now easily perform a perturbation expan- 
sion in the potential W. Namely, making for the ansatz as the perturbation 
series 



k=0 



we are led to the iteration scheme 



£'+'^(w) - -/ GUu-v)W{v)(bi^Hv)dv 



(5.7) 



This iteration scheme can be used to construct solutions of the Jost equation. 

We remark that under certain assumptions on W like continuity, the Jost 
equation is equivalent to the corresponding Schrodinger equation with appro- 
priate boundary conditions. We will show this for our special case W = Vi. A 
systematic method to rewrite second-order differential equations with boundary 
conditions as integral equations can be found e.g. in |12[ Section XI. 8 Appendix 
2]. 

We now state a theorem about solutions of the Jost equation. We consider 
more general potentials W than we have in our case, because it might be of 
interest by itself. 
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Theorem 5.2. Suppose that W is a measurable function obeying for a given 
uq < the condition < oo. Define for u < uq the function Pcj{u) 

by 

P^{u)^ r , |Ty(i;)|e~t'""+''"^"l)"dt;. (5.8) 

Then: 

(i) For each lj G _B = {a; G C | Imcij < 0, ^ 0} the Jost equation has a 

unique solution (()^{u) obeying lim e~*"''(/)jj(u) < oo. Moreover, cj)uj{u) 

u — > — oo 

is continuously differentiable inn on (—oo,uo) with lim e^^^^ (j)uj{u) ~ 1 

u — > — oo 

and lim g"*"^" — -^'"^ each fixed u, the functions (puiiu) and 

u — ^ — oo 

o 

4>'^{u) are holomorphic in E and continuous in E . They satisfy the bounds 
|'/>a;(w)-e*""| < e-"^'""|e-f'-(") - l| (5.9) 
\4)'^{u) - iuje"^''\ < e-^^^^^e-f"-'") / \W{v)\dv. (5.10) 



(ii) If \v\\W{v)\ dv < oo, for every u < uo the function (j>uj{u) may be 

continuously extended to to ~ 0. Moreover, ^5. ,9)) . I^5.1()\) hold also at 
oj = 0. 

(Hi) If J^"^e''"^^\W{v)\dv < oo, for every u < uq the function (f)i^{u) can be 

extended to a holomorphic function in \lo \ Imcj < ^rn^ , continuous in 
{u! I Imo; < ^to}. Moreover, in the interval < Imw < the inequal- 
ities 1^5. 10\) are replaced by 



1^1 J-cc 



e-^^^'-^'^\W{v)\dv (5.11) 



Ul,(u) -zwe^""| < e"^'""e^-("M e-^'''^""^\W{v)\dv . (5.12) 



In each case, cf) obeys 4>u{u) = (t>(LU,u) — (f>(—U!,u). 

We call this solution <j) the Jost solution. For the proof of this theorem we 
need a good estimate for the Green's function G^i- 



Lemma 5.3. For all u & C, 



\smu\ < ^eli-"l. (5.13) 
1 + |m| 



In particular, if lu ^ and v < u < 0, 



— sin(aj(M — v)) 

CO 



~ 1+\UJV\ ' ^ ' ' 
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Proof. In the case |u| > 1, the inequality (|5.13|) follows directly from the Euler 
formula sinu = ^ (e™ — e^™) and the estimate 

(l + |u|)|sinu| < i(l + |u|)2el^'""l < 2|w|el^™"l . 
In the remaining case |m| < 1, we again use the Euler formula to obtain 



(1 + \u\)\ smu\ = i(l + |K|)|e» - e-»| = ^(1 + \u\) 



and hence 



/•I 1 

) / |e*""| dr < -(|u| + |Mn2eli'""l 



(1 + 1^/1)1 sin < + 



Now H5.18|l follows by the assumption |m| < 1. 
In order to show H5.14|l we use the identity 

- sin(t^(M -v)) = - {sm{uju)e"^'' - sin(tjw)e*"") 



and apply (|5.13(l . 



— sin(Li;(u — v)) 

LU 



< — ( sin(a;u)e*'^'' 
\uj\ " ' 



(a;w)e'""|) 



mi 

< 



2\u\ 



Im cjI ^—"^ ^ 



2\v\ 



sm 



Im uj \ ^—u Im uj 



1 + \uju\ 1 + \ujv\ 

Due to the assumption > u > f , we know that \v\ > \u\ and thus 



(5.15) 



2\u\ 



< 



2\v\ 



1 + \luu\ ~ 1 + \ujv\ ' 
Using these inequalities in H5.15|l the claim follows. 



u\ Im w| — V Imw < —v \ Imwl — u Imw 



□ 



Note that the estimate H5.14II remains valid in the limit 7^ cj ^ 0, if one 
replaces ^ sin(ti;(u — v)) by the function u ~ v. 
Now we are ready to prove Theorem 15. 21 

Proof of Theorem \5.Sl 

Using the perturbation expansion H5.6|l together with the iteration scheme H5.7|l , 
one easily sees that we have already found a formal solution. So our goal is to 
show that this series is well-defined and has the desired properties. To this end, 
we shall prove inductively that 

\<Pi^\u)\ < ^""^l.p^{u)'' for aU k e Nq, for aU oj,u (5.16) 

such that Puj (u) is well-defined by (|5.8() . Due to the integrability conditions on 
the potential W in the statement of the theorem this is the case for u < uq 
and for all lu £ E (cf. (i)), uj € E (cf. (ii)), uj S {Imw < ^m} (cf. {in)), 
respectively. Furthermore, Puj(u) is continuous in u as well as in lu in these 
domains. The first statement is obvious while the latter is due to the fact that 
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the integrand in the definition (|5.8|) is continuous in uj and one directly finds an 
integrable dominating function such that one can apply Lebegue's Dominated 
Convergence Theorem. 

We start the induction with the case A; = for which H5.16|l certainly is 
satisfied. Thus assume that H5.16|l holds for a given k. Then, estimating the 
integral equation in (|5.7|l using (|5.14|) and H5.8|l . we obtain 

W^'\u)\ < / \GUu-v)\\W{v)\U[!:\v)\dv 



1 dP 



(fc + 1)! ^ ' 

where in the last step we used that Pu{u) vanishes when u goes to — oo. This 
concludes the proof of H5.16|l . 

Summing over fc, (|5.16(l yields the inequality 

oo 

E kL'^H")! < e~"i™"e^-("). (5.17) 

fc=0 

Because of the continuity of P^^iu), the series ()5.fi|l converges uniformly for u 
and w in compact sets. Using the iteration scheme (|5.7f) . this series can be 
written as 

oo oc -.^ 

and the bound H5.17|l allows us to apply Lebesgue's dominated convergence 
theorem and to interchange the sum and the integral. Hence the series is indeed 
a solution of the Jost equation H5.5|l . 

Next we want to show that a solution of the Jost equation is continuously 
differentiable with respect to u. To this end, we first compute for an arbitrary 
u <uq the difference quotient, 



i + h)- cj)Ju) - e*"(-+'') + e^-«) 



ESI 



— [sin(w(u + h-v))- sin(w(M - v))] W{v)(l)^{v) dv + (5.18) 

flLU 



^ l"a-\-h ^ 

h 



- sin(w(u - v))W{v)4>^ (v) dv , (5.19) 



where h ^ 0. We may restrict attention to the case Imoj < and h > (the 
other cases are analogous). Using the estimate 

du (— sm{uj{u — v))j =1 cos(w(m — w))| < 
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together with (|5.17|) , we can apply the mean value theorem to the first integrand 
to obtain the dominating function 

- |^g-5('')i™'^e'"i"i'^ -|_ e^^^'^^^e""^™"^ |iy(w)| e~''^™'^e"^'^^"' 

where ^(w) G [u^u + h]. Due to the integrability conditions on VF, it is clear that 
this function is integrable. Hence Lebesgue's dominated convergence theorem 
allows us to take the limit /i ^ in H5.18|l . This gives 

cos(a;(ii — v))W{v)(f>^{v) dv . 



< 2 for all h < hn 



In order to treat the second integral, we choose h < ho, where ho is so small 
that ^ 

max — - sin(a;(M — u)) 

v£[u,u+h] Ujh 



This is possible because lim — ^ sm{ujh) = 1. Thus we can estimate H5.19|l by 



2 pu+h 

h 



— sin(ci;(u — v))W{v)(j)t^{v) dv 



< 



< 2e-("+'')i--e^-("+'') / \liu,u+h]{v)W{v)\dv , 

J (-00,Mo) 

and the last integral goes to as /i — > by Lebesgue's monotone convergence 
theorem using the fact that W G L^{—oo,uo). Hence (|5.19|l vanishes. 
Alltogether we conclude that (j>uj{u) is differentiable with derivative 



(piiu) = iwe*'^" + / cos{uj{u ~ v))W{v)^^{v)dv , (5.20) 

which is continuous on (— cx3,uo) because of the estimate H5.17|l . 

The estimate H5.9|l is a simple consequence of H5.16|l together with the per- 
turbation expansion H5.6|) . For the proof of (|5.1UI) we use the representation of 
the derivative (|5.20() together with the inequality H5.17() : 

ion r 

ULH-ic^e^'l < / \co^{u^(u-v))\\W{v)\\4>^(v)\dv 



l5T7l /-"I 



where in the last step we used the fact that Puiiy) and e^^^™'^ (with Imw < 0) 
are monotone increasing. The estimates (|5.11|l as well as (|5.12|l are shown in 
the same way. 
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Let us now verify that for any fixed u, the function 4>uj{u) is holomorphic 
in UJ, and continuous on the domains as specified in (z), {ii) and (iii). Due to 
the locally uniform convergence of the perturbation series, it suffices to show 
that (m) has the desired properties. We do this inductively, where 

the case fc = is trivial. Let us now assume that ■* [u) is holomorphic in 
E {{IvuLO < ^m}, respectively). In order to prove that ^L'^^^'' is holomorphic, 

we want to apply Morera's theorem. Thus we must show that (f>^^'^'^ (u) is 
continuous in to and that the integral 

(bl^+^Hu)dio^ (f r -sm{Lo{u-v))W{v)(j)';^\v)dvdu (5.21) 



vanishes for every closed contour 7 in i? (or in case (Hi), for every contour in 
{Imw < ^m}, respectively). Using the above estimates (|5.14|) . (|5.16|l together 
with the monotonicity of {u) in u we get the following bound for the integrand 



-sm{uj{u~v))W{v)(l)l^\v) 



< 



1 + \u)v\ kl 

Due to the induction hypothesis, the integrand is continuous in lu. Moreover, 
for a compact neighborhood K^luq) of ^ fixed luq contained in the specified 
domains, (|5.22|l yields for the family ^ sin(w(M — v))W{v)(j)'!^\v), lu £ K{ujq) 
the uniformly dominating function 

\W{v)\ ^^^L^g-ulmu^-v max(|Imc^|+Imc^) 1 p^^^^fc ^ 

1 + \v\ min \lu\ k\ 

where the minimum and the maximum are taken in K(luo). This function is 
integrable for K{ujo) chosen sufficiently small due to the integrability conditions 
on W . This lets us apply Lebesgue's dominated convergence theorem to show 
the continuity in uj for (j>^~^^^ (u), which is given by the integral 1)5. 7|l . Moreover, 
(|5.22(l together with the continuity in oj of Puj{u) yield that the integral 



-sm(uj{u-v))W{v)(l)l^'>{v) 

LU 



dv dtu < oo 



1 

exists for an arbitrary closed contour 7 in _B (or { Imw < 2'^}j respectively). By 
the theorem of Fubini, we may interchange the orders of integration in H5.21|l . 
Because of the induction hypothesis, the integrand of H5.21II on the right hand 
side is holomorphic. Thus the integral vanishes due to the Cauchy integral 
theorem. We conclude that (j)^"^ is holomorphic for every k. Since (/)uj{u) is 
holomorphic, the same argument together with equation H5.2()|l yields that 0^ 
is also holomorphic. 

It remains to prove uniqueness. Let ipu/iu) be another solution of the Jost 
equation obeying lim \e~^'^^^l'u){u)\ < 00. Then we can find a c > with 

|'0w(w)| < ce~"^™'^ for all u < uq. Then as above one shows inductively that 
^ 1 



(A^+1)! 
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and taking N oo we obtain i/)^ = (f)^^ . 

The uniqueness also implies that (f){uj,u) = </)(— ZU, u), concluding the proof. □ 

Remark 5.4. In order to treat the Schrodinger equation (|4.2|l with boundary 
conditions at infinity 14.7|l . we derive the corresponding Jost equation with 
boundary equations at +00 using the same procedure as on page II l| 

r°° 1 

</,^(u) = e-*""- / -sm{uj{u~v))W(v)(l)^{v)dv . (5.23) 

It is obvious that the solution (fiuiu) of the Jost equation with boundary 
conditions at —00 with potential W{—v) constructed in Theorem 15 . 21 gives rise 
to a solution of H5.23|l by defining (j>uj{u) :— 4>i^{—u). 



With the results of Theorem 15. 21 it is now easy to prove Theorem 15. II 

Proof of Theorem \5.1[ Let us apply Theorem 15.21 to the potential Vi{u) given 
by l|2.20|l . which is obviously a smooth function in u. Furthermore, it vanishes 
on the event horizon 2M with the asymptotics Vi = 0{r — 2M). Using the 
definition of the Regge- Wheeler coordinate u (|2.3|l , this means that Vi (m) decays 
exponentially as u —* ~oo. More precisely, there is a constant c > such that 

|V;(m)| < ce^M for small u . 

Theorem l5.2l (in) yields for u < uq < a, solution (l)i{u!,u) of the Jost equation 
(15.5(1 with the desired properties. It remains to show that (pi is also a solution 
of the Schrodinger equation ((4.2|l for u < uq. (Due to the Picard-Lindelof 
theorem, this solution of the linear equation can be uniquely extended to w G M; 
the resulting function is analytic in lo due to the analytical dependence in uj 
from the coefficients and initial conditions.) But this follows immediately by 
differentiating equation H5.2()|l and using that Vi = W is smooth, so that the 
whole integrand is at least differentiable with respect to v. We have then proven 
the existence of (p^^. For the uniqueness, we show that in our special case every 
solution of (|4.2I) with boundary conditions (|4.6() is a solution of (|5.5|l . This can 
be done by integration by parts: For let tpuj^u) be such a solution. Then 

— sin(a;(u — v))Vi{v)ipLj{v) dv = 

LO 

where the remaining terms vanish due to the boundary conditions. Since we 
know that the solution of the Jost equation is uniquely determined, this must 
be also the case for the solution of the Schrodinger equation. Thus we have 
proven part («). 

For the proof of (ii) we refer to Remark 15.41 In contrast to the expo- 
nential decay at —00, the potential Vi(u) has only polynomial decay at +00. 
More precisely, according to the definition of u, Vi{u) — C'(^^^J^) for I > I, 
Vo{u) = 0{^^), respectively, as u ^ 00. Thus we can apply the analogs of 
Theorem 15.21 (i). (ii), respectively. This gives the existence and uniqueness of 
the solution for the Schrodinger equation with the stated properties. □ 
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When taking the hmit e \ in Stone's formula H4.11|l . the behavior of 
at w = still causes problems. While in the case / = we know from 
Theorem 15 . 1 1 that i^i^ can be continuously extended there, we do not yet know 
what happens for I ^ 0. The following theorem settles this problem by showing 
that, after suitable rescaling, the solutions (p^ have a well-defined limit at w = 0: 

Theorem 5.5. For every angular momentum number I, there is a solution (j)o 
of the Schrodinger equation \4-'i^ for lo — Q with the asymptotics 

hm uVoN = ^'t^^t^ - HYi^l - 1)!! , (5.24) 



where 

(2;-l)-(2/-3)-...-3-l , if 1^0 

1 , ^/^ = 



(2/- 1)!! := 



This solution can be obtained as a limit of the solutions from Theorem \5.1\ in 
the sense that for all m G M, 

(j)o{u) — lim uj'(j)ij{u) and 0o(u) — lim uj^(j)'^{u) . (5.25) 

Note that the above properties of the solution (f)Q really coincide in the case 
I = with that of the solution (po already constructed in Theorem 15. II (ii). 

For the proof of this theorem we use the same method as in the proof for 
Theorem 15.11 However, the iteration scheme (|5.7f) does not work for ^ 7^ in 
the limit w — > 0, because the integral 



C (") = -/ {u-v)Vi{v)dv 

diverges (V/(u) decays only quadratically at infinity for I 0). We avoid this 
problem by adding the leading asymptotic term of the potential Vi to the un- 
perturbed equation, 



Now the perturbation term Wi (u) — Vi (u) — iii^ has the asymptotics Wi (u) — 
O(^). 

Fortunately, the unperturbed differential equation corresponding to (|5.26|l 
can still be solved exactly. The solutions can be expressed in terms of Bessel 
functions. For our further consideration, the two functions 



TTUJU TTUOU 

hi{l,uj,u) ^ J ^^Ji^i{uju) , h2(l,uj,u) ^ J —J_i_i{uju) (5.27) 

play an important role. Here the function J^{u) is the Bessel function of the 
first kind (a good reference for the theory of the Bessel functions is J^). It 
solves Bessel's differential equation 

u^y"{u) + uy'{u) + {u^ - v'^)y{u) = . 
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In addition, it is an analytic function in v and u for all values of v and u ^ Q 
(if Rei^ > 0, it can be analytically extended even to u = 0). It has the series 
expansion 

(-1)™ /UN "+2™ 



mir{iy + m+ 1) \2 



(5.28) 



and the following asymptotics for |u| ^ 1 (cf. 14 7.21): 



" TTU 



COS \ u — — \ v + - 



E 



(-l)"(zy, 2m) 
(2^)2™ 



sm \ u H — 



E 

m=0 



(-l)'"(zy, 2m + 1) 



{2u] 



2m+l 



(5.29) 



where we have used the notation 



(j/, m) 



i!r(i/-m+i) ' 

Moreover, the derivatives satisfy the recurrence formulas 

uJl{u) = uJjj^i{u) ~ vJ^{u) and 
uJl{u) = i/Ji,(u) - Mjy+i(u) . 

The Wronskian of the functions J^, J^u (which both solve the same differential 
equation, since Bessel's differential equation is symmetric in v) is given by the 
formula 

2 sin(i/7r) 



w {Jy{u), J-u{u)) 



(5.30) 



This yields that these functions form a fundamental system for Bessel's differ- 
ential equation provided that v is not an integer. 

In our applications we choose v = I + ^. Thus the functions hi{l,uj,u) and 
h2{l,L0,u) have the following asymptotics, 



hi{l,uj,u) 



h2{l,UJ,u) 



i+i 



cos (^LUU — {I + 1)'^) 

r(| + o VT 

cos {^u + ^ 



r(i-z) V 2 




(5.31) 



(5.32) 



Furthermore, the formula (|5.30(l for the Wronskian simplifies to 
w{hi{l,LO^ u) , h2{l , OJ , u)) — (— l)'+"'^a; , if Hs an integer 



(5.33) 



and this yields that in the case oj ^ Q the solutions /ii,/i2 form a fundamental 
system. 
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Thus for 7^ we take as the Green's function for the operator on the left 
hand side of H5.26|l the standard formula 

Suj{u,v) ^ Q{v - u) ^ {hi{v)h2{u) ~ hi{u)h2{v)) , (5.34) 

where /ii/2(u) = hi/2{lT^Tu) and denotes the Heaviside function defined by 
Q{x) — \ \i X > {) and Q{x) ~ otherwise. Note that is also well-defined in 
the limit cj 0. For this we use the asymptotics and the value of the Wronskian 
and get for very small oj, 

lim S^{u, v) - hm tllll. . \^ ^ U+^u-' - u'+\-') 



2(i + z)r(i + 0r(i-0 



(-iy+vcos(.0 

1 



21 + 1 



where we have used some elementary properties of the Gamma function. This 
also shows that the Green's function converges to the Green's function Sq{u, v) 
given by the above formula for the solutions of the unperturbed dif- 

ferential operator on the left hand side of H5.26(l for ui = 0. 
We now proceed with the perturbation series ansatz 

oo 

^ (5.35) 

m=0 

which, as at the beginning of this section, leads to the iteration scheme 

/•oo 

(u) = - {u, v)Wi («)0(r) (v) dv . (5.36) 

J U 

As initial function we take 



(2) 

where Hi is another solution of Bessels equation (called Bessel function of the 
third kind or second Hankcl function). It is related to J^, by 

—i sm(z^7r) 

and has for large |u| the asymptotics 

Hl^\u)^J^e-<^-H^-i))±p^^. (5.37) 

Thus our intial function (/)L°^(u) solves the unperturbed equation, and we have 
the relation 

c^'^^\u)^J {i~iy+^hi{l,Lo,u) + i'h2{l,LO,u)) (5.38) 
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together with the asymptotics 

(Pj^^u) = c^'e-'-" (^1 + (^i^^ , if \u\ » 1 . (5.39) 

Moreover, the function (j)^'^ converges in the Umit uj —> pointwise for ah 

u > uq > 0: 

Since we are interested in statements for a; = 0, it is convenient in what follows 
to restrict lu to the domain 

F -.^{uj eC \ Imuj < 0, \uj\ < 1} . 

The following lemma yields that our perturbation series l|5.35|l is well-defined. 

Lemma 5.6. For every uq > 0, the iteration scheme ^5.35\) . ^5.36]) . ^5.38\) con- 
verges locally uniformly for all u > Uq and uj ^ F . In particular, the functions 
4>ui{u) are for fixed u a continuous family in uj Cz F. They satisfy the integral 
eguation 

cl)^{u) = cl)^°\u) - S^{u,v)Wi{v)q^^{v)dv . (5.41) 



Proof. In order to prove the lemma, we need to derive good bounds for the 
initial function (f)l!^\u) as well as for the Green's function Si^{u, v). To this end, 
we exploit the asymptotics of /ii, /i2- We thus obtain the bound 

C-i \ 1 + \^\^ J 

Likewise, for the Green's function we have (note that v > u > 0), 



and 



\l + \uj\uj \l + \uj\vj 

\SUu,v)\ < " , e-lim^l+^^im.. ^ if|c^u|»l. 

1 + \uj\v 

The last inequality follows from the asymptotics 

\Sui{u,v)\ ^ — s\\\{ijj{u — v)) , if » 1 , 

in the same way as the second inequality of Lemma 15.31 Combining these cases 
we find a constant such that 

Hence defining the function by 

Ju i + Mv 



22 



which is weh-defincd for all G F and u > uq > due to the asymptotic of Wi , 
it is straightforward to show inductively (cf. proof of Theorem 15. 2|l that for all 
m g N 



Now we proceed exactly as in the proof of Theorem 15.21 where the inequal- 
ity H5.45|l can be considered as the analogue of H5.16|l . It follows that the 
series (|5.35(l converges locally uniformly in u and u and satisfies the integral 
equation H5.41|l . Furthermore, one shows inductively applying Lebesgue's domi- 
nated convergence theorem, that for fixed u each (/'L™'' (u) depends continuously 
oi UJ E F. It follows that the same is true for the series due to local uniform 
convergence. □ 

We are now ready to prove Theorem 15. 51 

Proof of Theorem \5.5[ According to Lemma 15.61 our perturbation series (|5.35|l 
satisfies the integral equation (|5.41() . Using the recurrence formulas for the 
derivatives of J^iu), one obtains 

h'i{l,uj,u) = hi{l,uj,u) + ujhi(l ~ l,u),u), 

u 

hUljUJyU) = h2(l,cj,u) — ujh2(l l,uj,u) , respectively. 

u 

This allow us to estimate the behavior of w). Exactly as for Sl^{u,v), 

we obtain the following asymptotic formulas, 



\1 + \uj\uj \1 + \uj\v J 



\ Im Lj I +u Im 



Following the same arguments of the proofs of Theorems 15 . II and 15 . 21 and com- 
bining them with the above estimates and asymptotic formulas we now have 
the following results: 

1) One can differentiate (j)uj{u) with respect to u, and 4''^^{u) is given by 

= iu) - / duSUu,v)Wi{v)(bUv) dv . 

J u 

In particular, Lebesgue's dominated convergence theorem yields that for 
fixed u, <j)'f^{u) is continuous in uj £ F . 

2) (t)uj{u) and <j>'^{u) obey the following estimates, 

Kiu) - {u)\ < C, [y^^) e'3^("«)e-i--y v\Wi{v)\dv . 



Thus (j)^{u) ~ w'e"'"" and (j)'Ju) iw'+ie"*"" 



as It ^ oo. 
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3) Differentiating (j)ui{u) twice witli respect to u shows that (j)uj{u) is a solu- 
tion of the Schrodinger equation (|4.2() for all u> uq. Furthermore, from 
the asymptotics at infinity combined with the uniqueness statement in 
Theorem 15 .11 we know that 

4>^{u) ^ uj^ (l)^{u) , if Li; ^ 0,u > uo . (5.46) 

Obviously, this extends to all u e R. 

Thus we have proven the continuity statement H5.25|l for all u > uq. On the 
other hand, we know from the Picard-Lindelof theorem that for u on compact 
intervals, the solutions depend continuously on uj. This yields H5.25() for all 

u G R. 

Finally, the asymptotics (j5.24|l is a simple consequence of (j5.4()(l . □ 



6 An Integral Spectral Representation 

In the previous section we derived some regularity results for the solutions 
and 4>ui- We already know (cf. Section 0J that these solutions are a system of 
fundamental solutions of the Schrodinger equation (|4.2|) in the cases Im oj < 
and Ima; > 0, respectively. Thus the Wronskian w{(j)^, (j)^^) is non-vanishing in 
these regions, which implies that the integral kernel k^{u^v) of the resolvent is 
well defined. Since our next goal is to get the limit in H4.11|l . we prove in the 
next lemma that the continuous extension of the solutions (jy^j , (j^uj to the real 
axis again yields a system of fundamental solutions. More precisely. 

Lemma 6.1. The Wronskian w{4>i^,4>i^) does not vanish for € R \ {0}. In 
particular, (puj,(l>uj are fundamental solutions for the Schrodinger equation \4-'^ - 
In addition, this remains true for the solutions (f>Q and <j)Q in the case u) = Q. 

Proof. Let us begin with the statement for 4>Q,(j)Q: 

For LO = 0, the solutions 4>q{u), 4>a{u) have the asymptotics 

lim 0o(w) = 1 and lim u'(f>o(u) = (-i)'(2; - 1)!! . 

u — ^ — oo u — ^oo 

Looking at the construction of these solutions, one sees that 0o is a real solution, 
while (j)Q is either purely real or imaginary (depending on the value of I). The 
Schrodinger equation for a; = reduces to 4>" {u) = Vi{u)4>{u) with a everywhere 
positive potential V/. Hence, exploiting the special asymptotics, the solution 0o 
is convex and Re 4>q ( Im respectively) is either convex or concave depending 
on I. In any case, we see that 0o and (p^ are linearly independent, and thus 
w{<j)o,(j)o) ^ 0. 

In order to prove the main part of the Lemma, we consider a complex solu- 
tion z = zi -\- iz2 of the Schrodinger equation, where {zi, 2:2} is a fundamental 
system of real solutions, especially w{zi,Z2) = c^Q. Setting y — a. simple 
computation shows that 

W{ZI,Z2) 

^"^v^ — ri2 — ' 

|z|2 

where the right hand side is well defined because w{zi,Z2) 7^ implies that 
|z| ^ everywhere. As a consequence, we have Imy 7^ everywhere. Thus it 
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follows that for all u cither Iniy(u) > or < 0, due to the continuity of the 
solution z in u. 

Applying this result to the solutions and (pc^, respectively, and exploiting 
their asymptotics, one sees that Imy^^u) and lmy^{u) have different signs for 
all u. Therefore, 

□ 

As a consequence we have the following 

Corollary 6.2. The function s^{u,v) given by \4-y\j is continuous in {uj,u,v) 
for UJ e {Imcj < 0}, G M? . 

Proof. We already know that for fixed uo < 0, (puj{uo) is continuous in uj on 
{ImLj < 0}. Thus as solutions of the linear differential equation l|4.2|l . which 
depends analytically on lu and smooth on u, the family (f>u:{u) is (at least) 
continuous in {uj,u) in the region {Imcj < 0} x R. Analogously this holds for 
bj^4'u){u) according to Theorems 15.11 and 15.51 Since Sjj(w,w) is invariant if we 
substitute uj''(p^{u) for (p^{u), the preceding lemma yields the claim. □ 

Note that the corollary is also true if lj is in the upper half plane. The 
essential statement in this corollary is that one can extend S(j(u, v) continuously 
in Lo up to the real axis. 

^From the definitions (|5.1|) and H5.2|) , we have for w S { Im ui 0} the 
relations 

s^{u,v) = sjj{u,v) , hence k^{u,v) = kjj{u,v) . 

This allows us to simplify the expression H4.11|l . Evaluating for fixed u the right 
hand side of (|4.11() we obtain for any 5* e as well as for any bounded interval 

[a, 6] C M 

lim / I / lm(k^-.ig(u,v))'^(v)dv\du!. 

According to the above corollary, we know that lTiik^(u,v) is continuous in 
(w, w, u) for w e { Imw < 0}, (m, v) £ M.'^ . Thus, if we restrict 5* to the dense set 
C(j"(M)^, we integrate a continuous integrand over a compact interval. Hence, 
considering the limit as a pointwise limit for any u, we may interchange the 
limit and integration. Thus for any 5* e C^(R)^, [a, b] cM. bounded and u the 
right hand side of H4.11|l converges pointwise to 



Im(fctj(w, w))'0(u)du j du! . 

J a \^suppi/j / 

Hence, together with the norm convergence in H4.11|l . the spectral projections 
of H are for every u described by the formula 

^(^M]+^(a.6))*(^i) = -- / (f lin{kUu,v))i:{v)dv) dij . (6.1) 

In particular, this representation yields that P[a,b] = P{a,b)- 
As an immediate consequence we have the following 
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Corollary 6.3. The spectrum <j{H) of the operator H is absolutely continuous, 
i.e. a{H) = aac{H). 

Proof. The corollary is equivalent to the statement that the spectral measure 
(^f, dP^^'i') of any e is absolutely continuous. This is clear by H6.1|l for 
any e C§^{R)^. But since this subset is dense, this also holds on the whole 
Hilbert space J^. □ 



Next we want to write the integrand in H6.1|l . i.e. /g^pp^ ■•• dv^ in a more 
compact way. We first note that for real u; the complex conjugates of (f)^^ and 

are again solutions of (|4.2(l . Hence, for any cj e R \ {0} the pair 
forms a fundamental system for this equation due to the boundary conditions. 
Thus we can express (p^ as a linear combination of (p^^ and (/)^, 



<j)^{u) = X{uj)(t)^{u) + ^i{uj)(j)^{u) {iv e M \ {0}) , 

where A and /i are referred to as transmission coefficients. The Wronskian of 
4>ui and can be expressed by 

w (^(f>^, = ^l{uJ)w (j)uj,4>J^ = -2iuj^i{uj) , 

where in the last step we used the asymptotics ()4.6|) . Moreover, we introduce 
the real fundamental solutions 

and denote the corresponding eigenvectors of the Hamiltonian H by 

Using the above definitions, a short calculation shows that for cj 7^ we can 
express the imaginary part of the Green's function Suj{u,v) by 



Ims^(u,«) = - ^ E UHC(«)<^' M , (6.2) 

a,b=l 

where the coefficients ia6(w) are given by 

tii(cj) = 1+ Re Q , ti2{uj) ^ t2i{uj) = -Im Q(tj) 

t22H = l- Rc (^h) • (6-3) 

Since we know that Im Sui (u, v) is continuous for G M and the expression (|6.2|l 
holds for all t^; G M \ {0}, it extends to cj = 0. With (|6.2() . the integrand in (|6.1(l 
can be written as 



supp* '^•''=1 
2 



'^•''=1 supp* 
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where the ipi denote the two components of 5*. 

Since (/'^(u) solves the Schrodinger equation (|4.2I) . it satisfies the relation 
{ — + V;(w))0^(w) — cj2(/)^(u). Using this and integrating by parts, this 
simplifies to 

E (6-4) 

a, 6=1 

(Note that in this case the energy scalar product of $^ and is well defined, 
because ^' has compact support. Whereas in general this does not exist for 
arbitrary e due to the fact that ^ .) 

With H6.4|l . we now obtain a more compact representation for the spectral 
projections. Moreover, we can use H6.4|l to express the solution operators e~^*^ . 



Proposition 6.4. Consider the Cauchy Problem 1^2.23}) for compactly supported 
smooth initial data € C^{M)'^. Then the solution has the integral represen- 
tation 

2 

= ^ / E (*',*o) da; . (6.5) 

^''•^R a.6=l 

Here the integral converges in norm in the Hilbert space Jif. 

Proof. We use the following variation of Stone's formula to obtain for any 
bounded interval (c, d) C R 

= lim / e"*"* [{H -uj- ie)-^ - {H - uj + ie)-^] ^ duj , 

J c 

where the limit is with respect to the norm of Since we know that 

P[c,d] = P{c.d)j it follows that this expression is equal to e~'*^P(c.(i)^'- Us- 
ing the explicit formula for the resolvent, for every u G K the right hand side is 
equal to 

lim-^^ (/ • (6-6) 

Due to the continuity of the imaginary part of the kernel k^^iu, v), we may take 
for \l/o G C^{S.)'^ and (c, d) bounded the pointwise limit for any u € R. Hence, 
using H6.4fl we can simplify (|6.6|) to 

V- r^""'A E u(c^)<i>i(«)(<j>^,*o)d^, 

and together with the norm convergence it follows that this term is equal to 
g-itHp^^^^y];^^y'j^ Using the abstract spectral theorem and that e~'*^ is a 
unitary operator, it is clear that e^'*^P(_„ nj'I'o e^^^^'^Q in norm as n ^ 
oo. □ 
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This proposition extends to the following theorem. 

Theorem 6.5. For any fixed u eR the integrand in the representation 1^6. 5\) is 
in L^(R,C^) as a function of uj. In particular, the representation 16. 5\) of the 
solutions holds pointwise for every u £ M, i.e. 

2 

^{t,u) = i- / e--*-l J2 t-bi^m^) «,^o)du; . (6.7) 

"^^ ^ a, 6=1 

Moreover, for u fixed, the function '^[t,u) vanishes as t ^ oo. 

Proof. Since we know that the integrand is continuous in uj, it is in L^{[a, b], C^) 
for any bounded interval [a, h\. Thus it remains to analyze the integrand for large 

To this end, we must investigate the asymptotic behavior of the fundamental 
solutions and (p^ in w. We constructed these solutions with the iteration 
scheme H5.7|l as solutions of the Jost equation. For the proof of this, the estimate 
(|5.14|) played an essential role. Since in this case we consider real to with |w| 3> 1, 
we can use the simple estimate |^ sin(ci;(u — v))\ < instead of H5.14|l . which 
now holds for every u,v € W. Thus, proceeding exactly in the same way as in 
the proof of Theorem l5.2l we now obtain the following estimates for the several 
terms in the series expansion (|5.6|) 

I^L'^u)! < ttA.M'^ , where /^(u) := / --Vi{v)dv , 

for any fc e N and u e K. Thus the solution 4>uj{u) {uj ^ 0) is given /or all u gB. 
by this series expansion and obeys the uniform bound 

\'i>u{u) - e'"'"! < e-f'-(") - 1 < e^ll^'ll^' - 1 , 
since Vi G L^{M.). In particular, 

\(}>^{u)\ < 1 + O (^-^^ for|c^|>l. (6.8) 

Next we investigate the oj-dependence of We integrate by parts to 

obtain 

{<ft,^o)^ J cl>t{v){u;Mv)-Mv)" + Vi{v)Mv))dv , 

supp^o 

where 5'o = (V'liV's)"^ (note that the boundary terms drop out, because ^'o G 
C|5"(M)^). Since (j)lj{u) is a solution of the Schrodinger equation (|4.2(l . we sub- 
stitute ^ {—fptji^)" + foi' s-iid integrate by parts twice, 

= ^ j 4t{~{^i^2~4>i+Vii>i)" + Vi{iu^2-~4>'I + Vii>i))dv . 

supp^o 



We can now iterate this procedure as often as we like due to the fact that 
^-0 e C^(R)2 and Vi G C°°(M). Thus using the bound we obtain arbitrary 
polynomial decay in oj for ($J^, ^'o)- 
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Thus it remains to control the coefRcients tab{oj) for large |ti;|. According to 
the definition of the transmission coefficients A(a;) and ^i{oj), they satisfy the 
following relations, 

w{4>i^,(j)uj) = 2ifi{uj) and w{(j)^,4>^) = 2i\{uj) . 

In order to calculate the Wronskians, we substitute the Jost integral equations 
()5.5() . H5.23(I for (j)^^ and respectively, as well as the corresponding integral 
equations for the derivatives (for instance H5.20|l in the case (jj^i) and obtain 
immediately 

1 \ . , , „ / 1 



Hence the coefficients tabii^) remain (at least) bounded, according to their def- 
inition 1)6. 

We conclude that the integrand in 1)6. 7|l is in L^(]R,C^) as a function of 
Lv. Thus the right hand side in the integral representation 1)6.5(1 converges also 
pointwise and, together with the norm convergence, H6.7|l follows. 

Since for u fixed, ^'(i, u) is a Fourier transform of a -function, the 
Riemann-Lebesgue lemma applies. Hence '^{t, u) vanishes as t ^ oo. □ 

In the next step we extend this proposition to the Cauchy problem (|2.6|) . 



Theorem 6.6. Consider the Cauchy problem 1^2. 6]) for smooth and compactly 
supported initial data. Then there exists a unique smooth solution, which is 
compactly supported for all times. 

Moreover, decomposing the initial data into spherical harmonics, the so- 
lution has the representation 

oc 

^{t,u,d,^) = J2T. e-'*^'^'[,'"(u)l^™(^?,^) . (6.9) 

(=0 |m|<i 

Proof. For the existence and uniqueness of such a solution we apply the theory 
of linear symmetric hyperbolic systems (cf. 13 ). Since the equation in ((2.6|l 
is defined on M x R x S'^ we have to work in local coordinates for S^. We 
demonstrate the idea in the chart (U,{d,ip)), where U is an open, relative 
compact subset of such that {d, (p) are well defined on U. 

Letting $ — {dtip, duip, dcos^tp, d^ipjip)'^ we can write the equation as the 
first order system 

A°dt^ + A^du^ + A^a^os^* + A^d^<i> + B$ = , 
where the matrices A* , B are given by 

A° = diag 



A^ = (aj^) , with 
A^ = (a? ) , with 



2M^ 




(- 






r ; 






ai2 


= all = 




ai3 


= <4i = 


-0 



1 1 



2M\ 
r J sin^ d ' 



2M\ 1 
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(af ) , with 



2Af\ 1 1 



/ r2 sin ?? 



B = (btj) , with 6i3 

^15 

and aU other coefficients vanish. By multiplying this system with (l — ^ 7.2^ 

we obtain a linear symmetric hyperbolic system on K x K x i7 in the sense that 
the are symmetric and A'^ is uniformly positive definite on R x R x J7. 
Since the initial data 'So has compact support, we can restrict the system to 
R X V X U, where y C R is an open, relative compact set with supp^'o C V. 
Considering the system on this domain, the matrices A^,B remain uniformly 
bounded. Since we can cover 5^ by a finite number of such charts, the theory 
of symmetric hyperbolic systems yields an ei > such that there is unique and 
smooth solution ip{t, u, x) for alH < ei on R x 1/ x S"^ with initial data '^q. 

Moreover, this solution has finite propagation speed, which is independent 
of u (this is physically clear from causality; it follows mathematically by con- 
sidering lens-shaped regions for our symmetric hyperbolic systems). Thus there 
exists an e > (possibly smaller than ei) such that the solution ■ip{t,u,x) has 
compact support in V x for all times t < e. Iterating this argument for the 
Cauchy problem with initial data {ipi^, u, x),idtil^{e, u, x)) (and choosing C R 
sufficiently large), we get a unique and smooth solution 'ip{t, u, x) with compact 
support for all t < 2e and so forth. Thus we have proven the existence of a 
global solution %j}{t^u,x) € C°°(R x M x S'^) which is unique and compactly 
supported for all times t. 

In order to prove the representation (|6.9(l . we consider the restriction of the 
solution ^'(i,u, a;) = (ip{t,u,x),idtil'{t,u,x))'^ of the Cauchy problem 12.12|l in 
Hamiltonian form to fixed modes l,m 

«''"(i,M)l,„(z?,^) = {^>it,u),Yi^)L2(^S-)Ylm{^,ip) . 

Then ^''"(i, u)Yi^{d, (p) is a solution of ifTT^ with initial data ¥f^'{u)Yi^{i), ip), 
which is smooth and compactly supported. Thus 5''™(t, u) is a solution of the 
Cauchy problem H2.23|l . and due to the uniqueness of such solutions 

Now the uniqueness of the decomposition into spherical harmonics yields (|6.9|l . 

□ 

We are now ready to prove our main theorem. 

Proof of Theorem \l.l[ The existence and uniqueness of solutions of the Cauchy 
problem follow directly from Theorem 16 . 61 after the substitution cj) = rip. Thus 
it remains to show the pointwise decay. 

The conserved energy for solutions which are compactly supported for all 
times t implies that for every t 

00 

/=0 \7n\<l 



= 1- 



2M\ 1 



r2cosi? , 



/ 2M\ 2M , 

= 1 — , 55i = -l, 
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where for the second equation we used the isometry (|2.21|1 . Hence, defining 

oo 

l=L \m\<l 

we can find for every e > a number Lq such that 

l=Lo \m\<l 

Let us now consider the Cauchy problem H2.6|) with initial data 

oo 

1=0 \m\<l 

Obviously, this data is also smooth and compactly supported and thus gives rise 
to the solution 

oo oc 

E E {e-''"'Hi¥^)Yi^^Y. E {Hie-''"'^o"')Yi,n^H^ , 

l=Q \m\<l 1=0 |m|<; 

where in the second equation we again used the uniqueness of the decomposition 
into spherical harmonics. Thus for every e > there is a Li (without restriction 
> Lq) such that 

\\H^'^^{t)\\ < e , for aU times i. 

Proceeding inductively, we find for every number N and for every e > a 
number Ljv such that 

||i7"*^"(t)|| < e , for alH and n < iV . 

Let if C M X S''^ be an arbitrary compact subset with smooth boundary. Then, 
due to the definition of the energy, there exists a constant Co{K) > such that 
for 'J'^" = (V'f", V^")^, 

Ui''\\miK) + U^''\\mK) < Co(if)||*^~|| . 

Applying the same argument to H'^^^ — (V'2"i^'0f")"^, where A is the dif- 
ferential operator given by (EHI), there is a Ci{K) > such that 

\\A^^"h^K) + Ut\\HHK) < C^iK)\\H^'^-\\. 

Since the differential operator A is of the form A = —A + X, where X is a 
first order differential operator, it is in particular a second order elliptic partial 
differential operator. Thus, for u e C°°(Rx S*^) and for each U CC V CC Mx S'^ 
(CC denotes relative compact) there is an estimate (cf. p. 379 (11.3)]) 

||w|| j:/fc+2(y) < C||Au||^fc(y) + C||u|| //t+ifv) for all fc > 0. 

It follows that there exist new constants Cq {K) , Ci (K) such that 

ll^f"lk^(K) + ll^2"lkMK) < Co{K)\\^''-\\+Ci{K)\\H^^-\\ . 
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Iterating this inequality, we obtain constants Co{K), ...,Ck{K) such that 

k 

In particular, for every e > there is a number L such that 

< e foralH. 

Thus the Sobolev embedding theorem yields (possibly after enlarging L) 

li*^(i)llL-(K) < e for all t . 

Furthermore, due to the pointwise decay for fixed modes I, m which was shown 
in Theorem 16.51 we can find for any e > and (m, a;) G M x 5^ a time to and a 
number L such that for the solution x) of the Cauchy problem (|2.6|l . 

L-l 

\^{t,u,x)\ <J2J2 |*'™(t,M)i1r„(a;)| + < e for aU t > to . 

1=0 \m\<l 

Since (j) = r^, this concludes the proof. □ 
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